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Energy Management in Rocket Propulsion

Guido Colasurdo¤ and Lorenzo Casalino†

Politecnico di Torino, 10129 Turin, Italy

The optimal management of the available energy in an ideal single-stage rocket produces a velocity increment
that is larger than the value provided by Tsiolkovsky’s equation. This result is immediately applicable when a
limited amount of energy is available from a source that is external to the propellant. A storage device is instead
necessary to delay partially the use of the energy that is produced by the combustion of a reactive working � uid.
The penalty of the energy-source mass and the presence of an upper limit on the propellant temperature are also
discussed; in the latter case, the addition of a low-molecular-weight, inert propellant to the reactive propellant is
bene� cial during the � nal phase of the rocket acceleration.

Nomenclature
c = effective exhaust velocity
E = used energy
F = available chemical energy
H = Hamiltonian function, [see Eqs. (3) and (18)]
m = mass fraction
V = rocket velocity
x = reactive propellant fraction
b = speci� c energy
D V = ideal velocity increment
k E , k F , k V = adjoint variables

Subscripts

f = � nal value
i = initial value
m = uniform energy supply value
max = maximum allowable value
p = propellant
r = rocket
u = payload and structure

Superscript

0 = inert propellant

Introduction

R ECENTLY King1 analyzed the improvement of the rocket ve-
locity increment that could be achievedby transferringenergy

from a reactivepropellantto an inert, low-molecular-weightgas that
is expelled in the last phases of the accelerationprocess.The goal of
this procedure is to obtain better matching of the propellant exit ve-
locitywith thechangingvehiclevelocity;a favorableconsequenceof
leaving the exhaust gases almost motionless with respect to the sur-
roundingswould be an improvementof the velocity increment.The
problem of minimizing the exhaust kinetic energy losses is usefully
considered in aircraft propulsion but is seldom addressed in rocket
propulsion. The present analysis has been started to deal with the
speci� c problem of King’s work1 using a less pragmatic and more
theoretical approach; it has eventually been directed to the general
aspects of energy management to improve rocket performance.The
theory of optimal control is the main tool of the analysis and is used
to highlight the basic physics of the problem. The optimizationof a
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practical rocket system depends on a greater number of parameters;
the search for optimal performance is a complex problem that is not
in the scope of the present paper.

Rocket propulsion is rapidly evolving; in particular, new tech-
niques are being introduced to accelerate the propellant and a sep-
arate powerplant often supplies the required energy to an inert pro-
pellant. This paper searches for the ideal velocity increment of a
single-stage rocket when a limited amount of energy is available
from a source that is external to the propellant. If a power-limited
electric-propulsionsystem is used, this problem is well posed when
the operation time is bounded and when the power limit is actually
an energy limit. It is assumed that the energy can be converted into
kinetic energy of the propellant without any losses; the effective
exhaust velocity is not bounded because the acceleration technique
of the working � uid is not speci� ed. Even though the most inter-
esting results concern advanced propulsion, a more conventional
chemical-propulsionsystem is also analyzed to deal with the same
problem,1 which prompted the present analysis. In this case, the
rocket inert mass comprises a highly idealized storage device that,
independently of its practical feasibility, transfers energy from the
burning propellant to the � uid that is subsequently exhausted.

Unconstrained Problem
The ideal acceleration of a rocket in a vacuum, in the absence

of gravitational and aerodynamical losses, is considered here. The
propellant is accelerated without any kind of loss and leaves the
rocketafterall of the availableenergyhasbeenconvertedintokinetic
energy. The available mass of the propellant is assigned; the same
analysis is applied to two different propulsion systems. An energy
source that is external to the propellant is � rst considered,and c2

m / 2
is the available energy per unit mass of propellant;cm would be the
effective exhaust velocity if the energy were uniformly supplied to
the propellant. A nonuniform supply rate is instead used to obtain
a variable exhaust velocity. The second case considers a reactive
propellant where c2

m / 2 is its speci� c energy; in this case, an energy
storage device is necessary to eject the propellant with an exhaust
velocity that is different from cm .

The exhaust velocity is the process control variable that is used to
maximize the � nal velocity of the rocket. For convenience,masses
are expressed as fractions of the initial mass of the rocket, and
the amount of ejected propellant is assumed to be the independent
variable.2 Two differential equations rule the problem:

dV

dm p
=

c

mr
=

c

1 ¡ m p

(1)

dE

dm p
=

c2

2
(2)

The initial (m pi =0) value Vi of the rocket velocity is assigned; the
total mass of propellantm p f is also assigned. Equation (2) provides
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the energy E that has been used to discharge the propellant mass
m p . The initial value E i is obviously zero; the assigned � nal value
E f =m p f c2

m / 2 guarantees that the available energy has been com-
pletely used.

The Hamiltonian

H = k V [c / (1 ¡ m p)] + k E (c2 /2) (3)

is introduced to apply the theory of optimal control. Equation (3) is
not an explicit function of the state variables V and E ; the adjoint
variables k V and k E are constant, according to the Euler–Lagrange
equations. In particular, k V = 1 is a necessary condition for opti-
mality; nevertheless, a different value could arbitrarily be assumed
because the problem is homogeneous in the adjoint variables. The
optimalvalueof the control is obtainedby nullifyingthe � rst deriva-
tive of the Hamiltonian with respect to the control itself. One now
easily obtains

c = ¡
1

k E (1 ¡ m p)
(4)

If the optimal control law is adopted, Eqs. (1) and (2) can be inte-
grated analytically to provide

V = Vi ¡ (1/ k E )(1/mr ¡ 1) (5)

E = 1/ 2 k 2
E (1/mr ¡ 1) (6)

By comparing the assigned � nal value of the energy to the value
provided by Eq. (6), one can � nd the adjoint variable

k E = ¡
1

cm

p
mr f

(7)

This is inserted into Eq. (5) to provide the ideal velocity increment

D V = cm (1 ¡ mr f )
p

mr f (8)

which is larger than Tsiolkovsky’s value ¡ cm mr f (Fig. 1), be-
cause the historical constraint of constant exhaust velocity does not
hold in advanced propulsion and has been removed. Equation (8)
may be rearranged in the form

mr f = 1 ¡ ( D V /2cm) ( D V / cm)2 + 4 ¡ ( D V / cm ) (9)

which states the maximum value of the rocket � nal mass for an
assignedvelocityincrement in thecaseof chemicalpropulsionwhen
cm is a propellant characteristic.

A better performance is achieved as the kinetic energy losses
are minimized by ejecting the propellant with a constant velocity
relative to the surroundings:

c ¡ V = ¡ (1/ k E ) ¡ Vi = cm

p
mr f ¡ Vi (10)

The kineticenergy lossesare completelyabsentonly if cm
p

(mr f ) =
Vi . The velocity increment is independent of Vi and is favored by

Fig. 1 Ideal velocity increment for a single-stage rocket.

a larger availability of propellant and energy to accelerate the pro-
pellant with respect to the vehicle. A further resource, that is, the
initial level of the propellant kinetic energy with respect to the sur-
roundings, is relevant to ensure energy conservation without any
in� uence on the optimal control law and velocity increment. A mu-
tual relationship between the three resources is needed for zero
kinetic energy losses; if a larger amount of speci� c energy c2

m / 2 is
available, the best rocket performance is obtained by an exceeding
exhaust velocity even though a fraction of the available energy is
wasted in space. In the case of a propellant excess, it is convenient
to discharge the whole mass with a lower velocity, while accepting
the correspondingkinetic energy losses.

Power Supply Penalty
An electric powerplant is heavy, and the in� uence of its mass

on the rocket performance is usually taken into account.3 When
the system operation time is assigned, the available energy can be
considered to be proportional to the powerplant mass:

E f = b (1 ¡ mu ¡ m p f ) (11)

where the assigned mass mu comprises the payload and structures.
In the problem analyzed in this section, the total propellant energy
is to be chosen to maximize the � nal velocity. Equation (11) relates
the independentvariable and energy � nal values; the corresponding
necessary condition for optimality H f = ¡ b k E is furnished by the
theoryof optimal control.The useof Eq. (3) with the optimal control
law given by Eq. (4) provides the constant value

k E = ¡
1

p
2b mr f

(12)

Using this value, one can compare Eq. (6) with Eq. (11) and ob-
tain mr f =

p
(mu ), that is, the optimal share of the available mass

between the propellant and powerplant, which is found to be inde-
pendentof the velocity increment and power-sourcecharacteristics,
as in the classical analysis.3 The � eld of validity for this result is
probably larger than the present problem; for instance, the same op-
timal share has been found by the authorswhen dealingwith a more
complexand practicalproblemof electric-propulsionoptimization.4

Equation (5) gives the rocket velocity increment

D V = 2b 1 ¡
p

mu (13)

when the mass of the energy source is not negligible.
Note that Eq. (8) still holds but, according to its de� nition,

cm =
2E f

m p f
= 2b

mr f ¡ mu

1 ¡ mr f

(14)

is now a function of the rocket � nal mass, that is, of the propellant
mass. Equation (8) can be rewritten as

D V = 2 b
(mr f ¡ mu )(1 ¡ mr f )

mr f

(15)

and the results of its application are presented in Fig. 2 (solid line).
Equation (13) directly provides the maximum velocity increment
corresponding to the optimal value of the propellant mass, which
can alternately be obtained by means of an ordinary differentiation
of Eq. (15).

Constrained Problem
The thermodynamic acceleration of the heated propellant in a

conventional nozzle is assumed in this section. The square of the
exhaust velocity is inversely proportional to the molecular weight
of the propellant, for an assigned value of the total temperature in
the nozzle; this temperature is usually limited for practical reasons.
When the energy source is external to the propellant, one should
search for the lowest molecular weight. Both the chemical energy
and molecular weight must instead be considered in the case of a
reactive propellant.Once the propellant has been selected, the limit
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Fig. 2 Rocket performance for different shares of the available mass
between the powerplant and propellant (mu = 0:1).

on the total temperature can easily be stated as a limit value cmax of
the exhaust velocity.

If cmax < cm the entire available energy cannot be exploited, and
the maximumaccelerationis obtainedwith c = cmax , that is, by using
as much energy as possible. On the contrary, it is possible to use all
of the energy when cmax ¸ cm ; the optimal solution is constitutedby
an initial phase with c providedby Eq. (4), until c = cmax is attained.
A maximum-temperature, constant-c phase follows.

In the case where a reactive propellant is used, the addition of a
low-molecular-weight, inert propellant, which has been heated by
means of the stored energy, could be convenient in the � nal phase
of the rocket acceleration.1 This technique is particularly interest-
ing when cmax < cm and the exceeding energy would not be used
otherwise. The problem is now ruled by two constrained controls,
the mass fraction of the reactive propellant 0 ·x ·1 and the effec-
tive exhaust velocity c that is subject to the maximum temperature
limit. A rigorousapplicationof the theory of optimal control5 to this
problem is omitted here for the sake of conciseness. The optimal
solution is composed of three phases; only the reactive propellant
is used during the initial phases, � rst with c given by Eq. (4) and
then with c = cmax . In the third phase, the reactive and inert propel-
lants are heated to the maximum temperatureand mixed before their
expansion in the nozzle. An enthalpy balance provides the relation

x =
c 0 2

max ¡ c2

c 0 2
max ¡ c2

max

(16)

between the reactive propellant fraction and the effective exhaust
velocity, which is improved as, at the same temperature, the pro-
pellant with the lower molecular weight presents a higher exhaust
velocity (c 0

max > cmax ).
A differential equation that expresses the energy obtained from

the propellant:

dF

d m p
= x

c2
m

2
(17)

is added to Eqs. (1) and (2) with the obvious boundary conditions
Fi = 0 and F f = E f ; becauseof the presenceof the latter condition,
the theoryof optimal controlprovides k E = ¡ k F and k V =1 is again
assumed. The Hamiltonian becomes

H = c / (1 ¡ m p) + ( k E / 2) c2 ¡ xc2
m (18)

and the nullity of its derivative during the third phase, when x is no
longer a unit but is instead given by Eq. (16), provides the optimal
control law

c = ¡
1

k E (1 ¡ m p)

c 0 2
max ¡ c2

max

c 0 2
max ¡ c2

max + c2
m

(19)

Table 1 Optimal velocity increment

Monopropellant, Bipropellant, Bene� t,
cmax /cm c 0

max / cm D V / cm D V / cm %

0.8 3.2 1.842 2.768 50.3
0.9 3.6 2.072 2.787 34.5
1.0 4.0 2.303 2.800 21.6
1.1 4.4 2.414 2.810 16.4
1.2 4.8 2.501 2.817 12.6

a)

b)

Fig. 3 Comparison of optimal control laws and corresponding rocket
accelerations (mrf = 0:1, cmax = 1:1 cm , and c 0

max = 4 cmax, when appli-
cable).

The control law and the progressivevelocity increment for bipro-
pellantoperation(solid lines) are comparedin Fig. 3 with the uncon-
strained (symbols) and constrained (dotted lines) monopropellant
operation;mr f = 0.1, cmax = 1.1 cm , and c 0

max = 4 cmax have been as-
sumed. The addition of the low-molecular-weightpropellantallows
one to follow closely the optimal unconstrained control law, while
respecting the temperature limit. Table 1 presents the rocket veloc-
ity increment for different values of cmax, that is, of the maximum
allowable temperature. The greatest bene� t of the inert propellant
addition is connected to the lowest temperature limit.

Conclusions
Tsiolkovsky’s equation provides the velocity increment of an

ideal rocket when the available energy is uniformly supplied to
the propellant. A larger velocity increment can be achieved if the
exhaust velocity is progressively increased during the acceleration
process,thusminimizing thekineticenergylossesin space.A simple
equationexpresses this larger velocity increment of a rocket operat-
ing in a vacuum, when the mass of the energy source is negligible.
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Another simple expression applies if the powerplant mass is taken
into account.The same concepts,when applied to a chemical rocket,
con� rm that performance is improved by the addition of a low-
molecular-weight, inert propellant during the � nal phase of the ac-
celeration process.

References
1King, M. K., “Rocket Propulsion Strategy Based on Kinetic Energy

Management,” Journal of Propulsion and Power, Vol. 14, No. 2, 1998,
pp. 270–272.

2Colasurdo, G., Pastrone, D., and Casalino, L., “Mixture-Ratio Control
to Improve Hydrogen-FuelRocket Performance,” Journal of Spacecraft and
Rockets, Vol. 34, No. 2, 1997, pp. 214–217.

3Jahn, R. G., Physics of Electric Propulsion, McGraw–Hill, New York,
1968, pp. 2–11.

4Casalino, L., Colasurdo, G., and Pastrone, D., “Optimal Low-Thrust
Escape Trajectories Using Gravity Assist,” Journal of Guidance, Control,
and Dynamics, Vol. 22, No. 5, 1999, pp. 637–642.

5Bryson,A. E., and Ho, Y. C., Applied Optimal Control, rev., Hemisphere,
Washington, DC, 1975, pp. 108, 109.


